We show that the four-wave mixing can restrict spectral broadening. This is a general physical phenomenon that occurs in one-dimensional systems of four wave packets that resonantly interact "2-to-2":
INTRODUCTION
Usually nonlinear interaction leads to the spectral broadening: When a wave packet propagates in an optical fiber, its energy spectrum E ω "spreads" and becomes a broader distribution of energy over frequencies. Sometimes spectra broaden tens of times [1] . Obviously, it depends on a particular situation, which nonlinearity is the main contributor to the spectral broadening. For instance, the paper [2] argues that the four-wave mixing (FWM) is the main mechanism of spectral broadening in long Raman fiber lasers. The goal of the present paper is to show that FWM, under certain conditions, can also act in the opposite way and actually restrict spectral broadening. This phenomenon is due to the presence of an extra invariant, in addition to the energy, momentum, and Manley-Rowe relations.
EXTRA INVARIANT
We consider a system of four resonantly interacting wave packets propagating in an optical fiber. Each packet consists of waves with frequencies ω j around ω 
The waves, that compose the packets, form many resonant quartets
It does not matter for our purposes whether the waves belong to physically different modes -with different functions β j (ω) -or to the same mode -with all or some β j (ω) being the same function; however, if some packets belong to the same branch, we require that they are well separated (do not overlap) in frequencies.
The resonance conditions (2) express the energy and momentum conservation
where N j ω is the wave action spectrum for the j-th wave packet, or the number of photons of the j-mode with frequency ω.
One can ask if there are other invariants
with a different set of functions φ j (ω) -other than the ones in (3) and (4). The invariant (5) would take place if there were four functions φ j (ω) such that the resonance conditions (2) implied another relation [3] 
The equation (6) is supposed to be linear independent of the resonance equations (2), so that the conservation (5) is essentially new -independent of the energy-momentum conservation (3)- (4). Each of the Manley-Rowe relations provides such conservation, e.g.
they correspond to the obvious relations 1 + 0 = 1 + 0 or 1 + 1 = 1 + 1.
If the functions β j (ω) are linear, then there is one more relation [4] of the kind (6). This situation is realized when the wave packets are narrow enough, so that we can approximate their dispersion relations by linear functions
with constant coefficients
which are inverses of the group velocities C j . Since the basic frequencies ω 0 j and wave numbers k 0 j are in resonance (1), the relations (2) take the form
The equations (8) imply the relation
with coefficients
It is easy to check (9): Just solve the linear equations (8), say with respect to p 3 and p 4 , substitute this solution into (9), and observe an identity, which holds for arbitrary p 1 and
The relation (9) means the presence of an extra invariant
p dp = const (11) in addition to the energy, momentum, and Manley-Rowe relations.
SPECTRAL ANTI-BROADENING
We will assume special ordering of the four coefficients a 1 , a 2 , a 3 , a 4 : The extreme (minimal or maximal) coefficient should be in pair with the middle coefficient of the remaining three. (These two coefficients should correspond to the pair of wave packets on the same side of the resonance equations (8)). Then all coefficients (10) have the same sign, and the invariant I, defined in (11), is sign-definite. For example, a 1 < a 3 < a 2 < a 4 ; then all the coefficients (10) are positive, and the extra invariant I is positive-definite. Another example is a 2 > a 3 > a 1 > a 4 ; then all the coefficients (10) are negative, and the extra invariant I is negative-definite.
The goal of the present paper is to show that there is restriction on spectral broadening of the wave packets. The presence of the sign-definite invariant (11) shows this restriction.
Indeed, suppose on the contrary, that some wave packet, say # 1, broadens; some of its energy is transferred away from the basic frequency ω 0 1 (i.e. towards bigger |p 1 |); and the first integral in (11) increases. To keep the quantity I constant, the other wave packets (# 2, 3, and 4) can shrink (become less broad). However, they can make only finite amount of the quantity I available for the increase of the first integral; even if they shrink to zero, and the corresponding three integrals in (11) vanish, it is probably not enough to compensate for a significant increase of the first integral.
This argument also includes restriction on shifting (or any deviation from the original basic frequency ω 0 1 ). Let us consider a simple model example, when the wave packets are Gaussian
each packet is centered atp j , has width σ j , and possesses total energy
The invariant (11) is
where
In the course of the FWM, the parametersp j , σ j , F j change. Originally, allp j = 0 (because of the choice of ω Many different waves (with non-zero p j ) make resonant quartets and exchange energy.
The extra invariant provides book-keeping of the energy transfers back and forth between the four wave packets and shows the final result of anti-broadening.
If a wave packet becomes less broad (more monochromatic), its modulational instability becomes more effective [5] . So, the modulational instability acts similar to the large-scale dissipation in the hydrodynamic turbulence.
Finally, let us note that the ordering of the coefficients (7), stated in the beginning of the current Section, is equivalent to the similar ordering of the group velocities C j = 1/a j :
The extreme value of the four group velocities should be in pair with the middle value of the remaining three velocities. (The pair of values should correspond to the wave packets on the same side of the resonance equations (2).) Indeed, 0 < a 1 < a 3 < a 2 < a 4 ⇔ 0 < C 4 < C 2 < C 3 < C 1 , a 1 < 0 < a 3 < a 2 < a 4 ⇔ C 1 < 0 < C 4 < C 2 < C 3 , a 1 < a 3 < a 2 < 0 < a 4 ⇔ C 2 < C 3 < C 1 < 0 < C 4 , a 1 < a 3 < a 2 < a 4 < 0 ⇔ C 4 < C 2 < C 3 < C 1 < 0.
CONCLUSION
We have seen that the FWM can impose restriction on the spectral broadening, contrary to our usual expectations. This is due to the presence of the extra invariant. The phenomenon occurs in the system of four wave packets (satisfying the phase matching condition), when the group velocities C 1 and C 2 of two annihilated waves and the group velocities C 3 and C 4 of two created waves are in certain order: The extreme value (max or min) of the four group velocities should be in pair with the middle value of the remaining three group velocities, e.g. C 1 < C 3 < C 2 < C 4 ; then the extra invariant is sign-definite.
